Large magnetic field and rotation can coexist in various physical environments, e.g., the noncentral heavy-ion collisions and neutron stars. It was proposed that, ignoring the inner structure of pions, the rotation can induce a charged-pion condensation in a magnetic field. We revisit this problem by taking into account the inner quark structure of pions based on the Nambu-Jona-Lasinio model and find that the rotational magnetic inhibition of spin-zero quark-antiquark pairing can prohibit the charged-pion condensation at zero baryon chemical potential. We also argue that a finite baryon chemical potential can catalyze the charged-pion condensation in a magnetic field with rotation. The underlying physical mechanism and the indication of charged-rho condensation are also discussed.
I. INTRODUCTION
Quark matter in a magnetic background has attracted many attentions in the last few decades, since the strong magnetic fields exist in a wide range of physical systems, from the early universe, to the neutron stars and heavy ion collision experiments. One of the recently active research topic is the anomalous chiral transport phenomena caused by the quantum anomaly in a magnetic field, for example, the chiral magnetic effect (CME) [1, 2] and its cousins. Their search is one the frontiers of the current heavy-ion collision experiments [3] [4] [5] . Another active topic is the phase structure of quantum chromodynamics (QCD) in a magnetic background. Many intriguing phenomena have been discussed in this context, e.g. the magnetic catalysis of chiral condensate [6] [7] [8] , inverse magnetic catalysis at finite temperature [9, 10] and density [11] , and others [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
Recently, phenomena induced by rotation has also attracted intensive considerations. Extremely strong fluid vorticity (i.e., the local rotation) is found in heavy-ion collisions [22] [23] [24] which can induce spin polarization of spinful particles [25, 26] and can induce a parity violating current named chiral vortical effect (CVE) [27] [28] [29] [30] in analogy with CME. The phase structure of QCD under rotation has been discussed recently [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] . It has been shown that in a uniformly rotating system, angular velocity plays a similar role as an effective chemical potential which suppresses the spin-zero pairing of quarks and/or antiquarks at finite temperature and/or density [34] . At zero temperature and density, if boundary condition is imposed to preserve the causality, uniformly rotational effect is invisible [35, 36, 38] which can be understood by the fact that a cold vacuum cannot rotate. In [41, 44] , the authors considered nonuniform rotation and applied the Bogoliubov-de Gennes method to calculate the inhomogeneous chiral condensate self-consistently and showed that the ground state exhibits a vortex structure under sufficiently rapid rotation.
In Ref. [33] , Fukushima and the present authors studied the uniformly rotating quark matter in a background magnetic field without considering the boundary using the Nambu-Jona-Lasinio (NJL) model. They found that in the presence of a magnetic field, even at zero temperature the effect of rotation is visible. At strong coupling, they found that the chiral condensate decreases with increasing magnetic field, which is analogous to the magnetic inhibition phenomenon in the finite density system. They thus named this novel phenomenon the "rotational magnetic inhibition". In [45] , they considered a finite non-rotating fermionic system in a background magnetic field confined in a cylinder with a no-flux boundary condition. They found that there is an enhancement of chiral condensate near the boundary when the magnetic field is strong which was dubbed "surface magnetic catalysis".
In this paper, we focus on whether the combined effects of the magnetic field and rotation can induce a chargedpion condensation. It was argued in Refs. [40, 46] that, if the inner structure of pion is ignored, the combined effects of magnetic field and rotation lead to a split between the spectra of π + and π − , resembling an effective isospin chemical potential, and thus cause a charged-pion Bose-Einstein condensation (BEC), similar to the charge-pion condensation induced by finite isospin chemical potential [47] [48] [49] [50] . However, taking into account the fact that a pion is a spin-zero composite of a quark and an antiquark, pion condensation is disfavored by rotation (as well by the magnetic field for the case of a charged pion) which always tends to align the angular momenta of the paired quark and antiquark and to reduce the spin-zero condensate. Therefore, whether charge pions can condense depends on the competition between the above two effects. To quantify this competition, we adopt the NJL model and apply the Ginzburg-Landau analysis to the π field. With a moderate coupling constant, we do not observe the charged-pion BEC meaning that the rotational and magnetic suppression of the spin-zero pairing wins. However, if a finite negative baryon chemical potential is present, charged pions do condensate in a certain region of the magnetic field and angular velocity. We discuss the underlying physical meaning of these results.
II. GENERAL ARGUMENTS
Let us make some general arguments about why the combined effects of a rotation plus a magnetic field can induce charged-pion condensation if pions are structureless and why it may be destroyed if the inner quark structure of pions is taken into account. As discussed in [40] and [46] , the dispersion relation for point-like π ± is (for the case B · Ω > 0)
where n and l label the Landau levels and the angular momentum states and e > 0. The degeneracy of each Landau level thus is lifted differently for π ± by the rotation, and, effectively, the Ωl plays the role of a chemical potential µ l = Ωl for π + and −µ l = −Ωl for π − . Therefore, when µ N = N Ω (N = eBS/(2π) is the number of angular-momentum states one Landau level can accommodate with S being the transverse area of the system) exceeds the effective mass of the lowest Landau level (LLL) charged pions m 0 = m 2 π + eB, the LLL π + will Bose condense. Increasing Ω, π + residing at higher Landau levels may also Bose condense; see Refs. [40, 46] for more details. We note that the condition Ω 1/R √ eB is implicitly assumed where the first inequality is due to the causality (ΩR 1 with R the transverse radius) and the second one is to make the Landau quantization sensible [33] .
This picture may, however, change if we take into account the fact that pions are composite spin-0 particles of quarks and antiquarks. This is particularly important for large magnetic field eB > Λ QCD in which the pointlike picture for pions is no longer adequate. Consider π + which is comprised by a u quark and ad antiquark with their angular momenta (both the spin and the orbital one) antiparallel to each other. Both the magnetic field and rotation would tend to align the angular momenta of u andd and thus suppress the π + condensate. A part of such a suppression can be considered as a manifestation of the rotational magnetic inhibition [33] which introduces an effective baryon chemical potential of the order µ eff ∼ ΩN (q u + q d )/e with q u = 2e/3 and q d = −e/3 1 . Note that µ eff ∼ µ N . Thus, once µ N grows to induce a LLL π + condensation, the rotational magnetic inhibition takes effect to destroy it. Whether a charged-pion condensation can finally happen depends on the competition between the two effects.
In the rest of this article, we will use the NJL model to study the above two competing effects. The NJL model lacks the confinement and has no scale like Λ QCD to separate the hadronic degrees of freedom from the quarks. The results from the NJL model may differ from that of QCD but usually provide useful insights to QCD physics, especially those related to symmetry breaking. The π + condensate in NJL model is considered as d iγ 5 u which can smoothly change from the condensates of loosely correlated pairs to tightly bound bosons upon tuning the coupling constant or densities (aka BCS (Bardeen-Cooper-Schrieffer)-BEC crossover). For a wide range of the coupling constant, we do not observe qualitatively different results, so in the following we present our results for one fixed coupling constant.
We note that the charged-pion condensation also triggers an electric superconductivity which always obstructs the penetration of the magnetic field (the Meissner effect) 2 As a result, the magnetic field either is repelled from the charged-pion condensate and thus it cannot induce pion condensation at all or penetrates into the condensate from, e.g. the magnetic vortices if it is a type-II superconductor, to turn the system very inhomogeneous. These issues will not be discussed in the following.
III. DIRAC EQUATION IN ROTATING FRAME WITH MAGNETIC FIELD
We start with considering the Dirac equation in rotating frame with a magnetic field B. The frame is rotating with a constant angular velocity Ω = Ωẑ (Ω > 0), which can be described by the metric
The Dirac equation in such a frame is
where A µ is the background gauge field in the rotating frame, q is the charge of the Dirac fermion, µ is the fermion chemical potential, and Γ µ is the spin connection defined by
The Greek and the Latin indices stand for the curved and local Lorentz coordinates, respectively. The vierbein field e µ a is chosen to be e t 0 = e x 1 = e y 2 = e z 3 = 1, e x 0 = yΩ, e y 0 = −xΩ, (5) and other components are zero.
We consider the situation that a constant magnetic field is set to be along the rotating axis. In the non-rotating Minkowski spacetime with the coordinate (t , x , y , z ), the magnetic field is along the z -axis, i.e., B = Bẑ . We adopt the symmetric gauge A a = (0, By /2, −Bx /2, 0), then we get the gauge potential in the rotating frame by a coordinate transformation, A µ (x) = (− 1 2 BΩr 2 , 1 2 By, − 1 2 Bx, 0). Thus, the Dirac equation is written as
A uniformly rotating system must be finite. We consider a cylindrical geometry with radius R satisfying the causality condition ΩR < 1. The boundary condition is given by (i.e., a weak version of no-flux boundary condition) [ 
With these setups, the Dirac equation can be exactly solved. For qB > 0, the solutions can be written as (we omit l, k indices of the wave function here for simplicity)
where a = ± stands for positive or negative frequency solution, s = ± representing the spin state, j = l + 1/2, and N l,k is the dimensionless normalization factor depending on the boundary condition [45] . Ψ (a) s is the eigenfunction ofĤ D with eigenvalue aε,
with ε = 2qBλ l,k + p 2 z + m 2 and λ l,k being the k-th eigenvalue of the radial Hamiltonian with angular momentum quantum number l; see Ref. [45] for details but be noticed that the convention used here is different from that in Ref. [45] . And we have introduced
with L l n the Laguerre polynomials. We can construct the propagator from the solutions,
where ∆x = x − x and
with
Here we have abbreviated φ l,k (x) byφ, φ * l,k (x ) by φ * , and so on.
Similarly, we can construct the propagator for qB < 0,
whereS
Note that there is a sign difference in front of the Ωj terms for the positive and negative charged particles which means that the rotation can split the spectra of the positive and negative charged particles in the magnetic field. This is true also for charged scalar particles and is the reason why a charged-pion condensation is possible [32, 40] in a rotation with magnetic field. Note that this splitting cannot happen without magnetic field and thus is a consequence of the combined effects of magnetic field and rotation.
IV. SCHWINGER PHASE
The Dirac propagator in a constant magnetic field is in general gauge dependent (the results presented in Sec. III is for the symmetric gauge). In Minkowski coordinate, the gauge dependence is completely incorporated by the Schwinger phase. This is true also for the rotating frame as we show in the following. A more general discussion regarding the generalization of the Schwinger phase to an arbitrary curved spacetime will be present elsewhere.
The Schwinger phase Φ(x, x ) is a phase factor in the Dirac propagator, S(x, x ) = e iΦ(x,x ) S inv (x, x ), satisfying Φ(x, x) = 0 and leaving S inv gauge invariant. The condition Φ(x, x) = 0 means that the Schwinger phase is independent of the path connecting x and x . As a biscalar, Φ(x, x ) is invariant under coordinate transformation. Its expression in rotating frame can thus be obtained from the usual Schwinger phase in Minkowski coordinate. For a constant F µν (i.e., ∇ ρ F µν = 0 with ∇ ρ the covariant derivative), the result is
where the integral is along an arbitrary path from x to x. We have introduced the Synge's world function σ(z, x) which is half the squared geodesic distance between z and x [52] ,
with y µ (0) = z µ and y µ (1) = x µ . It reduce to σ(z, Choosing the integral path as the geodesic from x to x, the second term in Eq. (24) vanishes because ∇ µ z σ is tangent to the geodesic. We are left with a neat expression for the Schwinger phase
with geodesic being the integral path. See Appendix A for an explicit representation of the geodesic in rotating frame.
To end this section, we show how to factor out the Schwinger phase by summing over the quantum number l in the Dirac propagator S(x 1 , x 2 ) obtained in Sec. III. For simplicity, we consider an unbounded system under strong magnetic field such that λ ∈ N and 1/πR 2 N 2 lk → |qB|/2π. Taking the LLL approximation, the summation over l can be completed analytically,
where the first term in the square bracket is the Schwinger phase with the integral path along the geodesic. In the above, 
after substituting the symmetric gauge. Note that C ⊥ satisfies
where the left-hand side is the geodesic distance from x 1 to x 2 . We thus recognize that C ⊥ is just | x ⊥ 2 − x ⊥ 1 | measured in the Minkowski coordinate. For Ω = 0, Eq. (27) recovers the usual LLL Dirac propagator in a uniform magnetic field in Minkowski coordinate.
V. CHIRAL AND CHARGED-PION CONDENSATES
In this section, we will use the two-flavor NJL model to analyze the chiral condensate and charged-pion condensate. The NJL Lagrangian in rotating frame is
where The four-fermion interaction in Lagrangian (32) has the symmetry U B (1) ⊗ SU V (2) ⊗ SU A (2). By introducing auxiliary fields and implying the mean field approximation, we get the effective Lagrangian
where σ = −G ψ ψ and π = −G ψ iγ 5 τ ψ . In what follows, we will assume m 0 = 0. The presence of the magnetic field spoils the SU V (2) ⊗ SU A (2) symmetry but its diagonal symmetry remains which allows us to eliminate the neutral π 0 condensate by a chiral rotation, so in the following we will always assume π 0 ≡ π 3 = 0. From the Lagrangian, we can get the one-loop effective action,
Employing the imaginary-time formalism, the effective action transforms into the thermodynamic potential V eff ,
with Γ E the one-loop effective action after the Wick rotation to Euclidean spacetime. The ground state corresponds to the global minimum of V eff (σ, π). Finding the global minimum is a hard task for the current setup; instead, we will first find the minimum of V eff (σ, 0) and then study its stability against a charged-pion fluctuation. This is equivalent to making a Ginzburg-Landau expansion up to second order in the pion field. This is justified around a second-order or a weak first-order phase transition and is enough for our purpose. The thermodynamic potential we will examine is thus,
Tr
where the linear term does not appear due to the invariance of Γ(σ, π) under the Z 2 transformation π → − π. We note that each term in Eq. (36) is gauge invariant as can be seen by noticing that the gauge transformation of π is π + (x) → e ieθ(x) π + (x) and π − (x) → e −ieθ(x) π − (x). Due to the numerical difficulty, we will consider an unbounded system when we calculate the Ginzburg-Landau coefficients. The calculation of the chiral condensate in a finite cylinder with no-flux boundary condition is represented in Appendix B. For an unbounded system, we have λ ∈ N and 1/πR 2 N 2 lk → |qB|/2π, and for each λ, l takes the value from −λ to −λ + N = −λ + qBS/2π [33] . We also treat σ to be a constant. Then we have
where the factor (2 − δ 0λ ) comes from the fact that Φ l+1 (−1) = 0 and reflects the fact that the spin is fully polarized at the lowest Landau level. The NJL model is nonrenormalizable, so we have to introduce a UV cutoff. We adopt a soft cutoff scheme with the regulator [33, 53] f q (p z ; Λ, δΛ) = sinh(Λ/δΛ) cosh(p λ /δΛ) + cosh(Λ/δΛ) (38) with p λ = 2qBλ + p 2 z . For the numerical calculation, in this section, we choose the model parameters as [45] 
and all other quantities will be measured in the unit of Λ. We choose R = 30Λ −1 in the numerical simulation. The gap equation for σ is given by
In Fig. 1 we show the numerical solution to the gap equation. The results are parallel to those obtained in Ref. [33] but with two species of fermions (u and d quarks) in the current case which leads to the shoulder structures seen for the curve of µ B = 0 in Fig. 1 . The destruction of the chiral condensate at large rotation is due to the rotational magnetic inhibition [33] . Adding baryon chemical potential could further catalyze such destruction. Note that under the magnetic field and rotation, u and d quarks develop opposite baryon densities as they possess different charges [35, 51] ; while adding a negative baryon chemical potential will tend to catalyze the collapse of d d and thus ψ ψ .
To calculate the thermodynamic potential to the second order in π, V (2) eff , we make an ansatz for the two-pion function,
where the Wilson line is along the geodesic between x and x andπ + (x )π − (x) is gauge invariant. Note that similar ansatz was also used to construct the gauge invariant two-point observables describing the usual electric superconductivity [54, 55] . To proceed, we further assumeπ + andπ − to be constant and write the second order term of the thermodynamic potential as
The coefficient C (2) is constructed using the quark propagator and it is gauge independent (The Schwinger phases in the quark propagators cancel the Wilson line in Eq. (41) exactly). The condition C (2) < 0 characterises the instability of the σ condensed state against the charged pion fluctuation and is used as the criterion for the phase transition towards the charged-pion condensation. The expression for C (2) is
where
From Eq. (43), it is easy to check that at zero temperature, when Ω is large, the contribution from the second term is suppressed. Thus we expect that the pion condensate can only happen in the region with Ω not very large.
We present the numerical results for C (2) in Fig. 2 . With the parameter set (39) and regulator (38) , we find that with µ B = 0, the rotation does not lead to chargedpion condensation, i.e., we always have C (2) > 0. We have checked that this conclusion holds for arbitrary value of B. In fact, when µ B = 0, stronger magnetic field leads to larger C (2) > 0 at Ω = 0, which can be understood by the fact that charged pion condensate is not favored by the magnetic field [56, 57] . It is also easy to check from Eq. (43) that at very strong magnetic field, since all u and d quark stay at the lowest Landau level, the second term in Eq. (43) does not contribute making C (2) always positive. On the other hand, at zero magnetic field, the SU V (2) symmetry is not broken and rotation has the same effect on both positive and negative charged particle, so a charged-pion condensation cannot be triggered. However, if there is a negative baryon chemical potential, we do find transition to a charged-pion condensation (in the sense of the appearance of a negative C (2) ) at certain region of Ω and eB; see the upper panel of Fig. 2 . This can be understood from the fact that the rotation and the magnetic field introduce a positive baryon chemical potential µ eff ∼ ΩN (q u + q d )/e [33] which disfavors the pion condensation; while upon turning on a finite negative baryon chemical potential to cancel µ eff , the pion condensation becomes possible. This is more clearly seen if we compare Fig. 2 with Fig. 1 . The rotational effect does not play a role for ΩN below a critical value of the order σ(Ω = 0) (the "Silver Blaze" phenomenon). Therefore, the rotational effect on C (2) become visible at the same time as σ starting to decrease. At µ B = 0, the second term of Eq. (43) starts being suppressed when rotational effect appears (there will be a slight enhancement for a stronger magnetic field), so C (2) increases with Ω. If we choose a negative µ B to let σ disappear earlier, there will be a window allowing charged-pion condensation. However, we note that a large µ B that overwhelms the rotational effects would always destroy mesonic condensations.
For large eB, the magnetic polarization of u andd spins strongly suppresses the pion condensate and we do not obtain a negative C (2) in a wide parameter region as shown in the lower panel of Fig. 2 .
The above results depend on the choice of the integral path in the Schwinger phase. Although we show in Sec. IV that the integral path should be the geodesic, we artificially choose another integral path for the sake of comparison and its influence on the charged pion condensate is discussed in Appendix C.
VI. DISCUSSION
In this paper we revisit the possibility of a chargedpion condensation in a magnetic field with rotation. On one hand, the combined effects of the magnetic field and rotation can introduce an effective isospin chemical potential which tend to trigger a charged-pion condensation when ΩN m 0 = m 2 π + eB. On the other hand, once the inner quark structure of pions is considered, both the magnetic field and rotation tend to polarize the angular momenta of the u andd quarks and thus tend to destroy the charged-pion condensate as it is spin zero. Noticeably, the latter mechanism contains a contribution from the rotational magnetic inhibition which takes effects when ΩN m with m the constituent mass of quarks at zero rotation. Given that m 0 ∼ m, these two effects are competitive.
We employ an effective model, the NJL model, to quantify such a competition. We first discuss the gauge dependence of the Dirac propagator in curved spacetime and show that the Schwinger phase is given by a Wilson line along the geodesic. Then we calculate the secondorder coefficient in charged pion field in the Ginzburg-Landau expansion of the thermodynamic potential. We find that, at zero baryon chemical potential, the chargedpion condensation is unlikely to happen for a wide region of the parameters. However, turning on a negative baryon chemical potential to compensate the positive effective baryon density due to the combined effects of Ω and eB, we do find that charged pion condensation may happen for certain values of Ω and eB.
As a by-product, we have also studied the chiral condensate in a finite cylinder with no-flux boundary condition in Appendix B which is an extension of the results in [45] to a rotating system. We find that due to the centrifugal force, the chiral condensate is suppressed near the boundary and there is a nontrivial competition between rotational magnetic inhibition and the surface magnetic catalysis.
Some comments: (1) Our analysis is based on the Ginzburg-Landau expansion which works well for small π condensate. When there is a strong first-order phase transition, the Ginzburg-Landau analysis is not justified. This happens when a large µ B is turned on for which case our analysis is indicative but not rigorous. Nevertheless, our numerical studies provide clearer underlying picture of the charged-pion condensation in finite eB and Ω. (2) The charged pion condensate triggers also an electric superconductivity which may repel the magnetic field. This disfavors the formation of the charged-pion condensate itself, especially for small magnetic field. For large magnetic field, a vortex lattice may form to accomodate the magnetic field if it is a type-II superconductor. It will be interesting to explore these phenomena. (3) Our analysis suggests that a charged spin-one condensation such as ρ condensation may be favored by a rotation with a magnetic field. This mechanism differs from the previously studied ρ condensation in pure magnetic field or in finite isospin chemical potential. The former may suffer from the constraint due to Vafa-Witten theorem [16] while in the latter case the inevitable pion condensation may make ρ harder to condense [58] . We note that the presence of a rotation violates the positivity of Dirac determinant and thus invalidates the Vafa-Witten theorem. We leave this topic to future works. ACKNOWLEDGMENT We thank G. Cao, K. Fukushima, L. He, and D. Rischke for useful discussions. This work is supported by NSFC through Grants No. 11535012 and No. 11675041.
Note Added.-We learnt that G. Cao and L. He have been working on the same subject [59] . They use a different integral path for the Schwinger phase and the twopion function which results in different conclusions from ours; see also the Appendix C.
Appendix A: Geodesic curve in the Rotating Frame
We derive the geodesic between two points x 1 and x 2 in rotating frame in this appendix. The geodesic equation is
where σ is the affine parameter. For the t and z coordinates, the solutions are
which is the same as that in the Minkowski coordinate. For the transverse coordinates,
where ∆t = t 2 − t 1 . Introduce ξ = x + iy. We geẗ
The solution is
i.e.,
where C 1 , C 2 , φ 1 and φ 2 can be determined by the condition
Finally, we have
Appendix B: Inhomogenous Chiral Condensate in a Cylinder
In a finite cylinder with transverse radius R, the thermodynamic potential V (0) eff for sigma condensate only is given by
The gap equation for σ reads
The UV regulator is chosen as f q (p z ; Λ, δΛ) = sinh(Λ/δΛ) cosh(p lk /δΛ) + cosh(Λ/δΛ) (B3)
with p lk = 2qBλ l,k + p 2 z . Note that λ l,k depends on q when the boundary condition is imposed. In the numerical calculation we chooseG = 24Λ −2 , δΛ = 0.05Λ.
The result for σ(r) is shown in Fig. 3 . The case with Ω = 0 was already thoroughly studied in Ref. [45] which we also show in Fig. 3 . The surface magnetic catalysis is clearly seen. Once the rotation is turned on, the rotational suppression takes effect which first occurs in the region far away from the rotating axis where the centrifugal force is large, and expands toward the center as Ω increases. On the other hand, very close to the boundary, the chiral condensate is enhanced by the surface magnetic catalysis but with its effective region shrinking with increasing Ω; thus we observe a coexistence of and competition between the rotational magnetic inhibition and surface magnetic catalysis [33, 45] .
Appendix C: Another Choice of the Integral Path
In Sec. IV we have shown that the integral path in the Schwinger phase should be the geodesic. For the sake of comparison, we in this appendix choose another integral path for the Schwinger phase. This also results in a corresponding change of the integral path in Eq. (41). This path from x 1 to x 2 is specified by (t 1 , x 1 , y 1 , z 1 ) → (t 1 , 0, 0, z 1 ) → (t 2 , 0, 0, z 2 ) → (t 2 , x 1 , y 1 , z 2 ) → (t 2 , x 2 , y 2 , z 2 ),
where the arrows mean being connected by geodesics. Then the integal is iq x2 x1 A µ dz µ = −i 1 2 qBr 1 r 2 sin ∆θ,
which has the same expression as the Schwinger phase in the Minkowski coordinate, except that the coordinates here correspond to rotating frame. This formula is used in Ref. [59] . In this case, as shown in Fig. 4 , C (2) begin to decrease with increasing Ω and charged pion condensation can happen without adding a negative baryon chemical potential. But we still find that in certain region a negative baryon chemical potential can catalyze the charged pion condensation.
